Formulation of the problem

The general case
The coordinates X , in the reference configuration, are those of the 2-dimensional body B. The internal energy density functional U ( G , ∇G ) depends not only on the strain G = F T F − I / 2 but also on its gradient ∇G , where F = ∇χ, χ is the placement function. In Mindlin (1964) a general form of the density of the strain energy functional of a linear isotropic second gradient elastic material is given, for the sake of simplicity, in indicial notation, U ( G, ∇G ) = λ 2 G ii G j j + μG i j G i j + 4 α 1 G aa,b G bc,c + α 2 G aa,b G cc,b + 4 α 3 G ab,a G cb,c + 2 α 4 G ab,c G ab,c + 4 α 5 G ab,c G ac,b ,
where subscript j after comma indicates derivative with respect to X j and a general rule for index notation is the following: the subscript-indices of a symbol denoting a vector or a tensor quantity denote the components of that quantity. In the 2-dimensional case we have U ( G, ∇G ) = ˜ U ( u ) = ( λ + 2 μ) u 2 1 , 1 + u 2 2 , 2 + μ u 2 1 , 2 + u 2 2 , 1 + 2 λu 1 , 1 u 2 , 2 + 2 μu 1 , 2 u 2 , 1 + 1 2 A u 2 1 , 22 + u 2 2 , 11 + 1 2 B u 2 1 , 11 + u 2 2 , 22 + C u 2 1 , 12 + u 2 2 , 12 + 2 D ( u 1 , 11 u 2 , 12 + u 2 , 22 u 1 , 12 )
where A = 2 α 3 + 2 α 4 + 2 α 5 , B = 8 α 1 + 2 α 2 + 8 α 3 + 4 α 4 + 8 α 5 .
(3)
where u is the displacement field, λ and μ are the Lamè coefficients and α i with i = 1 , 2 , 3 , 4 , 5 are the 5 second gradient constitutive parameters. Note that here we use the Lamè coefficients λ and μ to describe first-gradient, isotropic linear elasticity, but other choices could be made, e.g., the pair comprised of bulk modulus κ and shear modulus μ ( Federico, Grillo, & Herzog, 2004; Federico, Grillo, & Imatani, 2015; Federico, Grillo, & Wittum, 2009; Hill, 1965; Walpole, 1981 Walpole, , 1984 , which is particularly convenient, e.g., when treating quasi-incompressibility. In Mindlin (1964) , in order to have the positive definiteness of U , the following restrictions on the 7 constitutive parameters must be satisfied, μ > 0 , 3 λ + 2 μ > 0 , −4 α 1 + 2 α 2 + 2 α 3 + 6 α 4 − 6 α 5 > 0 , α 4 > α 5 , α 4 + 2 α 5 > 0 (5) 4 α 1 + α 2 + 4 α 3 + 2 α 4 + 4 α 5 > 0 , α 1 + α 2 < α 3 , 4 α 1 − 2 α 2 − 2 α 3 − 3 α 4 + 3 α 5 > 0 .
In the 2-dimensional case the positive definiteness of U is implied again by the classical 2-dimensional restrictions μ > 0 , λ + μ > 0 , and by the positive definiteness of the following matrix
Keeping this in mind, a classical variational procedure gives the following system of partial differential equations ∀ X i ∈ B,
and boundary conditions given ∀ X i ∈ ∂B from the following duality conditions
where b ext α , t ext α , τ ext α and f ext α are the external actions: b ext α is the external force per unit area and is applied on the whole 2-dimensional domain B; t ext α and τ ext α are the external force and double force (respectively) and are applied on (a part of) the one-dimensional boundary ∂B of the domain B; and f ext α is the external concentrated force applied on the set of points belonging to the boundary of the boundary [ ∂ ∂ B ] , so that the last integral can be also represented as the sum of the external works made by the concentrated forces acting on each vertex of the domain. In other words, if we define the boundary ∂B as the union of m regular parts c with c = 1 , . . . , m and [ ∂ ∂ B ] as the union of the corresponding m vertex-points V c with c = 1 , . . . , m,
then the line and vertex-integrals of a generic field g ( X i ) are represented as follows,
where X c i is the coordinate of the vertex V c . Moreover, the so called contact force t α , contact double force τ α and contact wedge force f α are defined,
τ α = T α jk n j n k
(11)
where n i is the normal to the boundary ∂B, P ij is its tangential projector operator ( P i j = δ i j − n i n j ), V is the vertex operator
where superscripts l and r refers (roughly speaking, left and right), respectively, to one and to the other sides that define a certain vertex-point V c ; ν is the external tangent unit vector. Stress and hyper stresses are defined,
2.2. Rectangles
The general case of straight lines
In the case of boundaries ∂B composed of straight-lines, the contact force in (10) , the contact double force in (11) and the contact wedge force (12) are t α = S α j n j − T α jh,h + T αh j,h n j + T αh j,k n h n k n j , τ α = T α jk n j n k ,
that, in terms of the displacement fields, yield, t α = λu a,a n α + μu α, j n j + μu j,α n j − u a,abb n α ( 6 α 1 + 2 α 2 + 4 α 3 )
−u a,aαk n k ( 6 α 1 + 2 α 2 + 4 α 3 + 2 α 4 + 8 α 5 ) − u α,aak n k ( 2 α 3 + 4 α 4 + 6 α 5 ) −u k,αaa n k ( 2 α 1 + 2 α 3 + 2 α 4 + 6 α 5 ) + u a,a jk n α n j n k ( 4 α 1 + 2 α 2 + 2 α 3 ) + u j,aak n α n j n k ( 2 α 1 + 2 α 3 ) + u α,abc n a n b n c ( 2 α 4 + 2 α 5 ) + u a,αbc n a n b n c ( 2 α 4 + 6 α 5 ) ,
ab n a n b ( 2 α 4 + 2 α 5 ) + 2 α 3 u α,aa + u a,αb n a n b ( 2 α 4 + 6 α 5 ) .
We remark that the formulation expressed in (15) and (16) can also be used in the 3-dimensional case. This is the reason why (15) and (16) are expressed in terms of the 5 3-dimensional constitutive coefficients α i with i = 1 , 2 , 3 , 4 , 5 and not in terms of the 4 2-dimensional constitutive coefficients A, B, C and D . In Fig. 1 we represent the scheme of a rectangle with side-names Q, R, S and T and vertex-names V 1 , V 2 , V 3 and V 4 .
Characterization of sides
The characterization of side S is done by setting n i = δ i 1 . Thus, from (15) with α = 1 , 2 , and from (16) with α = 1 , 2 , we 
The characterization of side Q is done by setting n i = −δ i 1 . Thus, from (15) with α = 1 , 2 , and from (16) 
We remark that t Q 1 in (21) and t Q 2 in (22) are the opposite of t S 1 in (17) and of t S 2 in (18) , respectively, and that τ Q 1 in (23) and τ Q 2 in (24) are the same of τ S 1 in (19) and of τ S 2 in (20) , respectively.
The characterization of side R is done by setting n i = δ i 2 . Thus, from (15) with α = 1 , 2 , and from (16) 
We remark that, because of isotropy, t R 1 in (25) and t R 2 in (26) are the same of t S 2 in (18) and of t S 1 in (17) , respectively, by changing the indexes 1 and 2. Besides, because of isotropy, τ R 1 in (27) Finally, the characterization of side T is done by setting n i = −δ i 2 . Thus, from (15) with α = 1 , 2 , and from (16) with α = 1 , 2 , we have
We remark that t T 1 in (29) and t T 2 in (30) are the opposite of t R 1 in (25) and of t R 2 in (26) , respectively, and that τ T 1 in (31) and τ T 2 in (32) are the same of τ R 1 in (27) and of τ R 2 in (28) , respectively.
Characterization of vertices
The last equation of (8) is reduced, because of (9) 2 to
For vertex V 1 the side A has n j = −δ 1 j and ν i = δ i 2 and the side B has n j = δ 2 j and ν i = −δ i 1 so that
For vertex V 2 the side B has n j = δ 2 j and ν i = δ i 1 and the side C has n j = δ 1 j and ν i = δ i 2 so that
For vertex V 3 the side C has n j = δ 1 j and ν i = −δ i 2 and the side D has n j = −δ 2 j and ν i = δ i 1 so that
For vertex V 4 the side D has n j = −δ 2 j and ν i = −δ i 1 and the side A has n j = −δ 1 j and ν i = −δ i 2 so that
Thus, finally, the (33) yields
where T α12 + T α21 , in terms of the displacement field, it is for α = 1
and for α = 2 ,
Numerical simulations
Numerical data for the simulations that will be presented in this paper are here shown (see Fig. 1 )
and therefore
With these data the positive definiteness of the strain energy functional is guaranteed. 
The heavy sheet problem
We consider an heavy sheet appended at the top side R and constrained at sides Q and S to have null horizontal displacement. Thus, the kinematical restrictions are
and also represented in Fig. 2 . Let the two partial differential Eqs. (6) and (7) be satisfied with the following external forces per unit area,
and let the edge boundary conditions be as follows,
where the non-null external edge double forces are as follows,
and let the only wedge conditions that are not implied by (41) -(44) be as follows,
The analytical solution of this problem is achieved in Luca et al. (2015) and here represented in terms of the displacement field,
The numerical simulations of this problem is shown in Fig. 3 a and have shown remarkable identification between exact analytical solution and the respective numerical simulation ( Fig. 3 b) 
The bending problem
We consider the bending problem and constrain the whole side A to not displace in the horizontal direction and one of its point, the origin O , to have also null vertical displacement. Thus, the kinematical restrictions are
and they are represented in Fig. 4 . It has to be remarked that such kinematical constrains are not of a general type. In fact, the (48) 2 is referred to a single point that is not a vertex of the domain. This means that the results will be reasonable only in the case of vertical null force at point O . Let the two partial differential Eqs. (6) and (7) be satisfied with the null external forces per unit area, 
where the non-null external edge force and double forces are as follows,
and let the only wedge conditions that are not implied by (50) -(53) be as follows,
The analytical solution of this problem is achieved in Luca et al. (2015) and here represented in terms of the displacement field, 
The bending problem without double forces
We consider the same bending problem of the previous subsection, with the same kinematical restrictions (48) , the same external forces per unit area (49) , the same edge boundary conditions (50) -(53) with the same edge force (54) 
In this case we do not have an analytical solution but we make numerical simulations, that are shown in Figs. 9 and 10 . It can be remarked that the presence of double forces has a relatively strong influence on the numerical results.
The flexure problem
We consider the flexure problem and constrain the whole side C to displace in the vertical direction and one of the point of side A , the origin O , to have null horizontal and vertical displacements. Thus, the kinematical restrictions are ( δu 1 ) S = 0 , ( δu 1 ) O = 0 ( δu 2 ) O = 0 .
(58) and they are represented in Fig. 11 . It has to be remarked that such kinematical constrain are not of a general type. In fact, the (58) 2,3 is referred to a single point that is not a vertex of the domain. This means that the results will be reasonable only in the case of null force at point O . Let the two partial differential Eqs. (6) and (7) be satisfied with null external forces per unit area (49) , let the edge boundary conditions be as follows, Fig. 10 . Comparison between the exact analytical solution with non null external double and wedge forces and numerical simulation with null external double and wedge forces through the vertical cuts of Fig. 6 . In particular, (a) horizontal and (b) vertical displacements are represented. Fig. 11 . Graphical representation of the kinematic restrictions for the flexure problem.
where the non-null external edge force and double forces are as follows, 
The numerical simulations of this problem are shown in Figs. 12 . The comparisons between the exact analytical solution and the numerical simulation have been done through the horizontal and vertical cuts of Fig. 6 and the respective numerical simulation is shown in Figs. 13 and 14 .
Convergence analysis for the wedge force problem
We consider again the bending problem with the same kinematical restrictions (48) (see also Fig. 4 ) , the same external forces per unit area (49) , the same edge boundary conditions (50) -(53) but with null edge forces and double forces at side 
Even in this modified bending case we do not have an analytical solution but we make numerical simulations, that are shown in Figs 15 . On the left-hand side we show the results of a numerical simulation of the analogous problem in the classical first gradient model and on the right-hand side a the results of a numerical simulation with the present second gradient model. It is immediately visible from Fig. 15 that the first gradient model is not adequate for wedge concentrated external forces. In Fig. 16 a convergence analysis is performed. From such a convergence analysis we deduce that first gradient models are not adequate to model concentrated external forces.
Experimental evidence of elastic second gradient contribution to the deformation energy
In Ferretti et al. (2014) it is shown that second-gradient energy terms allow the onset of internal shear boundary layers. These boundary layers are transition zones between two different shear deformation modes. In the same paper, on the one hand it is claimed that their existence cannot be described by a simple first-gradient model, and on the other hand that they are related to second-gradient material coefficients. In this section we show a result, on the pantographic structure of Fig. 17 , that makes explicit the experimental evidence of such a boundary layer. Besides, by using the second gradient model of dell 'Isola et al. (2016) , we show that it is possible to characterize the largeness of the boundary layer in terms of the second gradient coefficient (i.e., K II ) of that model, that means that a simple first gradient model (i.e., a model with K II = 0 ) is not sufficient to predict the correct experimental evidence. Fig. 16 . Comparison between the vertical displacement at the center of side S in the (a) first and (b) second gradient models in the case of an external vertical wedge force at V 3 .
Fig. 17.
A bias test on a standard pantographic structure is shown. The angles across the two families of fibers in the deformed configuration are evaluated by image analysis.
The elastic non-linear anisotropic internal energy density of the model that is used in dell' Isola et al. (2016) to numerically evaluate the shear angles that are shown in Fig. 18 is the following,
where the two families of fibers are initially directed along the two orthogonal unit vectors D 1 and D 2 and where the material coefficients that have been used are K e = 0 . 134 MN/m, K p = 159 N/m and γ = 1 . 36 . We also remark that the bias Fig. 18 . The boundary layer of the case related to the experiment that is shown in Fig. 17 is shown. The angles across the two families of fibers in the deformed configuration are evaluated by image analysis of the experimental result of Fig. 17 and by numerical simulations with different values of second gradient coefficients K II .
test that is shown in Fig. 17 is accomplished by imposing a displacement, towards the direction parallel to the long side of the rectangle, of the short-side of the rectangle, that in turn is directed at π /4 with respect to the two orthogonal unit vectors D 1 and D 2 . In the deformed configuration the angle ϕ between the two families of fibers is not anymore at π /2. It is ϕ = arccos
, and the shear angle φ (or shear deformation in Fig. 18 ) is simply
If we evaluate the shear angle φ along the arc-length that is shown in Fig. 17 , it is almost zero near short side of the rectangle and reach a finite value by passing through a boundary layer. The largeness of such a boundary layer is related to the second gradient parameter K II . In Fig. 18 we show that the optimal value for the second gradient constitutive parameter K II is K II = 0 . 0192 Nm . However, we also shown that different values of this parameter give a wrong largeness of the boundary layer. In particular we observe that a reduction 1/4 of the second gradient constitutive parameter K II give a smaller boundary layer and a magnification of 4 give a larger boundary layer. Finally, a numerical simulation in which the second gradient contribution of the strain energy (73) is assumed to vanish, i.e. K II = 0 , produce no-boundary layer. Besides, numerically instability is observed in this last case.
Conclusions
A perfect overlap of numerical simulations obtained with a commercial code and closed form solution of selected classical benchmark boundary value problems have been found and reported in this paper. The role of external double and wedge forces has also been presented. Besides, we show a mesh-independent behaviour of second gradient numerical solution with respect to the corresponding first gradient counterpart. Finally, we show an experimental bias test on a specific pantographic structure and extrapolate an internal boundary layer in terms of the shear angles across initially orthogonal fibers. A non-linear anisotropic model is also presented aimed to reproduce the shown experimental results. In particular, we exhibit comparisons between the numerical simulation of the proposed theoretical model and the experimental results in terms of the internal boundary layer. Such a comparison has permitted to identify the second gradient coefficient of this model.
